Abstract-We consider joint relay selection and link scheduling to maximize the network throughput in relay-assisted cellular networks. The spatial reuse is leveraged by scheduling multiple links to simultaneously transmit. The coupling among relay selection, link scheduling, and the interference that is introduced by simultaneous transmissions makes this problem hard to solve. We summarize spatial reuse into two forms. The first form of spatial reuse exists among second-hop links, where relay stations transmit to mobile users. The second form of spatial reuse exists between second-and first-hop links, where the base station transmits to relay stations or mobile users. A framework is proposed to decouple the joint problem into the following two subproblems: 1) a frame segmentation problem and 2) a relay selection problem. Under this framework, we propose two algorithms for either only the first form of spatial reuse exists or both forms of spatial reuse exist. Numerical results show that, with the first form of spatial reuse, the performance of the proposed heuristic relay selection algorithm is very close to the optimum. In the given scenario, when both forms of spatial reuse exist and the proposed heuristic frame segmentation algorithm is applied, the throughput is improved by up to more than 50% compared with the case without spatial reuse.
forwarding data that are received from the base station (BS) to mobile users (MUs), and vice versa. The links between the BS and RSs, RSs and MUs, and the BS and MUs are referred to as relay, access, and direct links, respectively. RSs can extend the coverage and enhance the signal strength, which improves the performance of MUs near the cell boundary. However, the additional hops that are introduced by RSs may degrade the bandwidth efficiency. Thus, it is crucial to improve the bandwidth efficiency and maximize the network throughput in such networks.
Various strategies focus on the improvement of efficiency in cooperative relaying networks, including space-time coding [3] , cooperative beamforming [4] , and relay selection [5] , [6] . The basic idea of relay selection is to let the RS with the best channel condition serve the MU. The authors in [5] show that, by selecting the best RS between the source and the destination, full diversity gain can be realized. This case reduces the need for multiple-relay strategies such as distributed space-time coding or multiple-relay selection. On a separate thread, link scheduling is another technique that has extensively been studied. The simplest scheduling scheme allocates each RS with an equal time share of the whole frame. The link scheduling policy that was proposed in [7] focused on link-level performance and did not exploit spatial reuse.
Although relay selection and link scheduling have separately been studied, they are strongly coupled together due to the following reasons. If relay selection is predefined, the link scheduling is restricted, and the optimal throughput is related to the result of relay selection. On the other hand, when a link scheduling strategy is fixed, an RS that does not have an active link with an MU cannot be selected to serve that MU. Thus, the optimality of relay selection and link scheduling couples with each other. In [8] , an algorithm that supports routing and link scheduling to maximize the system throughput is proposed. However, the authors in [8] assumed that smart antennas are used and did not consider interference among different links.
Because scheduling schemes without utilizing spatial reuse are not efficient, spatial independency has been studied in an attempt to achieve the system capacity gain. For example, in [9] , the authors proposed an adaptive resource reuse scheduling algorithm for relay networks. The protocol interference model, where a transmission is successful only if no other node within a certain interference range from the receiver simultaneously transmits, is adopted. In [10] , it is demonstrated that the 0018-9545/$31.00 © 2012 IEEE protocol interference model is a simplification of practical systems and cannot provide enough accuracy. In [11] , the performance of amplify-and-forward cooperation under interference-limited spatial reuse that is among access links only is analyzed, revealing that relay links may become the bottleneck. In [12] , the focus is on another special case of spatial reuse, which is between relay links and access links in an orthogonal frequency-division multiplexing based network. Thus, the solutions that were proposed in [11] and [12] focused only on special cases and did not fully exploit the throughput improvement potential of spatial reuse. In [13] , the resource allocation problem in multihop radio networks is studied, a throughput optimal policy is proposed, and the stability region of the system is characterized. In [14] , a joint routing and power allocation policy is developed that stabilized the system and provided bounded average delay guarantees. In [15] , the scheduling problem in a single cell with multiple RSs is considered, and an optimal scheduling policy is proposed. In a word, [13] [14] [15] focused on the case that packets randomly arrived, and they developed throughput-optimal policies that can stabilize the system, as long as the arrival rate is within the capacity region of the system. In summary, the existing work shows that incorporating spatial reuse into relay-assisted cellular networks significantly improves resource efficiency. In this paper, we summarize spatial reuse into two forms. The first form of spatial reuse exists among second-hop links, where RSs transmit to MUs. The second form of spatial reuse exists between second-and first-hop links, where the BS transmits to RSs or MUs. Aiming at maximizing saturated network throughput under the fairness constraint, the joint relay selection and link scheduling problem that was incorporated with spatial reuse is investigated. The problem of link scheduling for system throughput maximization in multihop wireless networks is proven to be NP-hard [16] . The joint consideration of relay selection makes the problem even harder. At the cost of little optimality degradation, a framework is proposed to decouple the joint problem into the following two subproblems: 1) a relay selection problem and 2) a frame segmentation problem. Solving the two problems, in turn, can solve the joint relay selection and link scheduling problem. For the case that only the first form of spatial reuse exists, we have proven that a simple frame structure can achieve the optimum, and we proposed a heuristic relay selection algorithm. Numerical results show that our proposed heuristic relay selection algorithm performs close to the optimum. For the case that both forms of spatial reuse exist, a heuristic frame segmentation algorithm is proposed. Numerical results show that, in the given scenario, compared with the case without spatial reuse, the throughput with our proposed frame segmentation algorithm can be improved up to 50%.
The rest of this paper is organized as follows. Section II presents the system model and problem formulation and summarizes the forms of spatial reuse in relay-assisted cellular networks. In Section III, the case that only the first form of spatial reuse exists is studied. Section IV extends to the case that both forms of spatial reuse exist. Numerical results are given in Section V. Section VI concludes this paper. 
II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model
Consider a downlink two-hop relay-assisted wireless cellular network, as shown in Fig. 1 . A small set of N fixed RSs are deployed to the midway belt of the network, denoted by R = {RS 1 , RS 2 , . . . , RS N }. A set of MUs are located within a cell radius, denoted by U = {MU 1 , MU 2 , . . . , MU M }. The set of possible transmitters in the network is denoted by T = {0, 1, . . . , N}, where the zeroth transmitter is the BS, and the ith transmitter, i ∈ {1, . . . , N}, is RS i . Without loss of generality, assume that the number of MUs is greater than or equal to the number of RSs, i.e., M ≥ N . 1 All the stations are assumed to be half-duplex and have a single antenna, which means that they cannot simultaneously transmit or receive. Assume that the transmission powers of BS and RSs are fixed and that there is no power control. We do not model any packet arrival process at the BS, and infinite backlog at the BS for all MUs is assumed. Because single-relay selection is easy to be implemented and can achieve full diversity gain, it is employed in our model. The relaying protocols with the decode-and-forward strategy are adopted, and no signal combination at the receiver is assumed in this paper. The more complicated signal combination technique can be integrated in this paper as one of our future work.
RSs have been incorporated into WiMAX networks. In WiMAX relay networks, time is divided into frames that are about 5-10 ms long. A frame-based system is also adopted in this paper. We assume that there is no slots division within a scheduling frame. Within a frame, a transmission can initiate or stop at any time. In Section V, the statistics of our simulation results show that it is practical to apply our scheme in a time-slotted system by aligning time segmentations in this paper to time slots. Assume that data cannot be buffered in RSs among different frames but can only be buffered in RSs within one frame. A scheduler is located in the BS. Assume that the channel-state information (CSI) is static within one frame. The CSI of direct and access links can be measured by MUs, and the CSI of relay links can be measured by RSs. In WiMAX networks, such measurement can be done using the pilot subcarriers. All the CSI is provided to the BS as feedback. Multiple ways are defined in the WiMAX standard for feedback, including the feedback header as a response to a feedback polling information element, unsolicited feedback, and fast feedback reporting. Details of the feedback mechanism in WiMAX networks can be found in [2] . In practical networks, several approaches can be adopted to reduce the overhead for feedback. For example, MUs send only the channel gains that are greater than a threshold as the feedback. At the beginning of each frame, according to the information gathered, the scheduler calculates the relay selection and link scheduling strategy of the current frame. The scheduling decisions are broadcast to RSs and MUs. 2 Assume that all the transmissions are in the same spectrum. Simultaneous transmissions may happen and cause interference, which must carefully be handled. In WiMAX networks, resources can be allocated in both the time domain (time slots) and the frequency domain (subcarriers) within one frame. This paper can be considered a resource allocation for a specific subcarrier. Transmission links exist between the BS and each RS, the BS and each MU, and each RS and each MU. The transmission rate of a link depends on the instantaneous signalto-interference-plus-noise ratio (SINR) at the receiver and is given by Shannon's formula.
B. Proportional Fair Scheduling
In practical networks, channel gains between BS/RSs and different MUs are different. Schemes that maximize the overall throughput will make the MUs close to the BS or RSs scheduled much more than boundary MUs, which is very biased. Thus, scheduling schemes should provide a degree of fairness among MUs. Due to its ability to strike a good balance between utilization and fairness, the proportional fairness model is widely adopted in much previous work [18] , [19] and has been implemented in High Speed Downlink Packet Access (HSDPA) systems [20] . The definition of such a notion of fairness is given as follows.
Definition [17] : A set of rates r i (i = 1, . . . , M) are said to be proportional fair if they are feasible, and for every other feasible set of rates r i , the following condition holds:
We provide the conditions under which short-term rates converge to proportional fair over the long run as follows. Denote the throughput of mobile i in frame s by d i (s) and the average throughput of the mobile over the time horizon [1, s] for all s, then the long-run rates R i (s)'s are proportional fair [18] . Thus, we have a method for achieving proportional fair allocation of rates: for each frame s, assign data rates
C. Problem Formulation
This section presents the definition of our joint relay selection and link scheduling problem. Table I summarizes the notations.
1) Optimization Objective:
The objective is to maximize proportional fair network throughput. As aforementioned, to achieve this goal, it is sufficient to consider the problem within one frame, and the goal of the scheduling algorithm within one frame is the following maximization problem:
where s is the frame index, ρ j (s) = s/ s w=1 d i (w) is the weight of MU j , r l (t) is the instantaneous data rate of link l at time t, T is the time length of one frame, and d j (s) are the data that were received by MU j in this frame. For brevity, the frame index s is omitted in the following discussion.
2) Constraints: The problem constraints are listed as follows.
1. Flow conservation constraint. At any time within the frame, the total data that arrived at an RS for one MU must exceed or be equal to the total data transmitted by this RS for that MU, i.e.,
2. Transmit-Receive constraint. Because every station in the system has one antenna only, it cannot concurrently communicate with more than one other stations, i.e.,
where I l ∈ {0, 1} is the indicator that shows whether link l is scheduled at time t. Equations (4)- (6) are transmit-receive constraints for RSs, the BS, and MUs, respectively. 3. Capacity constraint. The data rate on each link at time t is restricted with Shannon's formula as
where W is the system bandwidth, and L t is the transmitter set at time t, which determines interference to link l. In addition, for each relay link, the sum of data rates for different MUs on that link must not exceed the capacity of the link, i.e.,
3) Problem Statement: Given: A single cell with one BS, N RSs, M MUs, CSI, and the average data rate of each MU until the previous frame.
Find: A complete relay selection and link scheduling strategy of the current frame, subject to (s.t.) the constraints in (3)- (8), to maximize the proportional fair network throughput.
D. Different Spatial Reuse Forms
Define the first-hop transmissions as the transmissions on relay and direct links and the second-hop transmission as the transmissions on access links. Thus, the BS transmits on the first hop, and the RSs transmit on the second hop. Spatial reuse can have two basic forms. The first form is when multiple transmissions simultaneously happen on the second hop. The second form is when BS transmits to an RS or an MU on the first hop and an RS transmits on the second hop. Note that spatial reuse cannot happen among different first-hop links, because a single-antenna BS cannot simultaneously transmit to multiple nodes. It is also possible that both basic forms of spatial reuse simultaneously happen, i.e., the BS transmits to an RS or an MU, whereas multiple RSs transmit to multiple MUs.
To solve this joint relay selection and link scheduling problem, a framework is proposed. Define a transmission pattern as a set of simultaneously active links in the network. De- fine a transmission mode as a set of patterns with which the vector of receiving data rates of RSs and the transmitter set in the network are fixed. To clarify how many modes are there, divide all transmission modes into three types, as shown in Fig. 2 . Each type contains several transmission modes. In type-I transmission modes, only relay or direct links can be active, i.e., transmissions happen only on the first hop. Because the BS is the only transmitter and can transmit to an MU or an RS, by the definition of transmission mode, the number of transmission modes of this type is N + 1. In type-II transmission modes, only access links can be active, i.e., transmissions happen only on the second hop. Thus, the entries of the vector of receiving data rates of RSs in this type are all zero. The number of nonempty transmitter sets chosen from all RSs is 2 N − 1, which is the number of type-II transmission modes. In type-III transmission modes, transmissions simultaneously happen on the first and second hops. When the BS transmits to an MU on the first hop, the number of nonempty transmitter sets chosen from all RSs is 2 N − 1. When the BS transmits to an RS on the first hop, the number of nonempty transmitter sets chosen from other N − 1 RSs is 2 N −1 − 1. Thus, for type-III transmission modes, the number of transmission modes is 2
. The total number of transmission modes is
, which is denoted by X. Based on the definition of transmission modes, the frame is divided into different segments, each of which corresponds to one transmission mode, and the problem is decoupled into a frame segmentation problem and a relay selection problem within each segment. In Section III, the case with only the first form of spatial reuse is considered. In this case, it is proven that, when the system achieves optimal network throughput, the number of segments with nonzero durations is at most N + 1, and spatial reuse occurs only in the last segment. A heuristic relay selection algorithm is proposed for the last segment, and the time duration of each segment can be calculated by solving a linear programming problem. Then, we extend to the case where both forms of spatial reuse exist in Section IV. A heuristic frame segmentation algorithm is proposed for the extended case. 
III. CASE WITH THE FIRST FORM OF SPATIAL REUSE
As a typical scenario, spatial reuse only on the second-hop links is studied in previous work [9] , [11] and has been proven to have significant performance gain. We first simplify the problem by considering only the first form of spatial reuse, i.e., restricting spatial reuse among second-hop links. After restricting spatial reuse only on the second-hop links, the problem is presented as
The constraint ( * ) implies that the first-and second-hop links cannot simultaneously be scheduled.
A. Optimal Network Throughput
Because there is no spatial reuse between first-and secondhop links, in Fig. 2 , it can be observed that there are only type-I and type-II transmission modes and the number of transmission modes is N + 1 + 2 N − 1. Divide the frame into N + 1 + 2 N − 1 segments. 3 Denote the time duration of the ith segment by t i . In the zeroth segment, the BS transmits to an MU. From the first segment to the N th segment, the BS transmits to each RS. In the last 2 N − 1 segments, where spatial reuse happens, RSs transmit to MUs. This case is shown in Fig. 3(a) . The following two theorems simplify the frame structure when the network throughput achieves the optimum. Their proof is given in the Appendix.
Theorem 1: When the network throughput achieves the optimum, we have the following two cases: 1) the duration of the zeroth segment, i.e., the segment where the BS transmits to MUs, is either 0 or T , and 2) if the duration of the zeroth segment is T , the BS serves only one MU in this segment.
Theorem 2: When the network throughput achieves the optimum, if the duration of the zeroth segment is 0, then we have the following two cases: 1) only one of the last 2 N − 1 segments has nonzero duration and 2) in that segment, each RS serves at most only one MU.
According to Theorems 1 and 2, when the network throughput achieves the optimum, the frame structure is as shown in either Fig. 3(b) or (c). When the frame structure is as shown in Fig. 3(b) , because it is straightforward to maximize the throughput by selecting the MU with the greatest weighted data rate, we focus on how we can maximize the throughput when the frame structure is as shown Fig. 3(c) . With this frame structure, the frame has N + 1 segments, and only one RS transmits to at most one MU in the last segment. Because the optimized duration for a segment can be zero, it is not necessary that the BS transmits to each RS. If RS i is used in this frame, in the ith segment, data that were transmitted from the BS to RS i belong only to one MU, which is denoted by MU u(i) , and MU u(i) is the MU served by RS i in the N + 1th segment. If RS i is not used in this frame, we have t i = 0 and set u(i) = 0. Therefore, when the frame structure is as shown in Fig. 3(c) , the problem of maximization of proportional fair throughput with spatial reuse among only the second-hop links (9) can equivalently be rewritten as
where s i is the data rate from RS i to MU u(i) in the last segment, r i is the data rate from the BS to RS i in the ith segment, SINR
is the SINR at MU u(i) in the last segment, and
Because there is no spatial reuse in the previous N segments, r i can be calculated according to Shannon's formula by the transmission power, CSI, and noise, which are constants for this problem. Notice that all the conservation constraints and transmit-receive constraints in (9), except for t N +1 s i ≤ r i t i , are intrinsically satisfied due to the segmentation.
The optimization variables of (10) include durations of each segment and the relay selection strategy in the last segment. To solve (10), we first fix a relay selection strategy in the last segment, which determines ρ u(i) and s i (i = 1, . . . , N) , turning (10) into a linear programming problem, and present it in matrix mode as
where
It can easily be proven that, when (11) achieves the optimum, the inequality constraints achieve equality. Therefore, because A is invertible, the optimum of (11) can be expressed as
which is a function of s i and ρ u(i) (i = 1, . . . , N). Based on (16) , an exhaustive search of the relay selection strategy in the last segment can be made to obtain the optimum of (10), which is
Therefore, the steps in obtaining the optimal network throughput, when only the first form of spatial reuse exists, are listed as follows.
1) Assuming that the frame structure is as shown in Fig. 3(b) , select the MU that can maximize the network throughput. 2) Assuming that the frame structure is as shown in Fig. 3(c) , solve (17) to maximize the network throughput. 3) Compare the network throughput obtained in steps 1 and 2 and choose the strategy with the greater network throughput to be the joint relay selection and link scheduling strategy in this frame.
B. Hardness of the Problem and a Fast Heuristic Relay Selection Algorithm
To get an insight into the hardness of (17), we rewrite the optimization variables in (17) as u(i) = u 1 (i)u 2 (i), where u 1 (i) ∈ {1, 2, . . . , M} and u 2 (i) ∈ {0, 1}, and we consider a special case when the following conditions are satisfied. (17) is equivalent to maximizing the sum rate on access links. The variable u 1 (i) indicates the index of the MU selected to be served by RS i , and the variable u 2 (i) indicates whether RS i is selected to transmit. When u 1 (i), i ∈ {1, 2, . . . , N}, are fixed, the problem becomes a binary power control problem that can be expressed as
where γ i is the SINR between RS i and MU u 1 (i) . It has been proved that the binary power control problem (18) is an NP-hard problem [21] and solving it presents system designers with an exponentially complex work. Intuitively, if the channel gains between RSs and MUs are either 0 or great enough, (18) is equivalent to finding the largest subset of an RS-MU pair that do not interfere with each other, and this approach is equivalent to solving the maximum independent set problem that is NP-hard. Because the complexity of an exhaustive search to find the optimum of (17) is infeasible in real scenarios, we present a fast heuristic relay selection algorithm based on the objective of maximization of (16) . The algorithm traverses across all the unscheduled RSs and MUs, each time selecting the pair that maximizes (16) . The detail of the algorithm is shown in Algorithm 1. The algorithm starts with the initiation of R (1) and U (1) with all RSs and MUs. The variables u(i), i ∈ {1, . . . , N} are used to record selected RS-MU transmission pairs, i.e., when
and when u(i) = 0, R i is not used in this frame. In the following discussion, we describe one iteration of the while loop (lines 2-20). Taking links between RSs and MUs recorded by u(i), i ∈ {1, . . . , N},
as already scheduled, the for loop (lines 4-9) traverses across all RSs ∈ R (1) , and for RS i , it traverses across all links between RS i and MUs ∈ U (1) . Thus, the for loop traverses across all possible links between R (1) and U (1) , seeking the link that makes (16) greatest. The while loop stops when R (1) is empty, i.e., all RSs are selected, or there is no new transmission pair that makes (16) greater. Finally, u(i), i ∈ {1, . . . , N} are output as the relay selection result. The following theorem can easily be proven, and we omit the details.
Theorem 3: The proposed heuristic relay selection algorithm has complexity of O(N 2 M ).
Algorithm 1:
Fast heuristic relay selection algorithm.
Take links recorded by u(i), i ∈ {1, . . . , N} as already scheduled 4
for each RS i ∈ R (1) do 5
Assume that RS i is selected to serve MU m ∈ U (1) and compute (16): 11 j = arg max i∈R (1) ( max m∈U (1) F i,m ); temp = max i∈R (1) max m∈U (1) F i,m 12 if temp > last then 13 The link between RS j and MU u (j) makes (16) greater than without that link. Make RS j server MU u (j) : 14 
IV. CASE WITH BOTH FORMS OF SPATIAL REUSE
In the previous section, we have discussed the optimal network throughput of the joint relay selection and link scheduling problem when spatial reuse is restricted on second-hop links. However, under such a situation, transmissions on relay links may become the bottleneck of the system. In this section, we extend to the case where both forms of spatial reuse exist. Compared with the aforementioned case, the case with both forms of spatial reuse is more complex, because it introduces much more possible sets of simultaneous transmission links. The methodology of segmentation is still adopted, and a heuristic frame segmentation algorithm is presented in this section.
As aforementioned in our proposed framework (Section II-D), the frame is divided into X segments, each of which corresponds to one transmission mode. Denote the duration of the xth mode within this frame by t x . By the definition of transmission mode, the receiving data rate of each RS in each transmission segment is fixed and can be calculated according to Shannon's formula by the transmission power, CSI, interference, and noise. Denote the receiving data rate of RS i in the xth segment by r 
. , X).
To design a heuristic algorithm, we make some relaxations and assumptions.
1) Relax most of the conservation constraints and leave only the constraint at the end of the frame, which means that, for each RS, the total data received must be equal to or greater than the transmitted at the end of the frame, i.e.,
where s
is the average transmitting data rate of RS i in the xth mode. Note that this relaxation will make the optimum of the problem probably not achievable. This loss will be considered in our later proposed algorithm. 2) Assume that, during one segment, one RS transmits data to at most only one MU. If RS i is used to transmit data in the xth segment, denote the MU that it serves in the xth segment as MU u(i,x) and the weight of this MU as ρ u (i,x) ; otherwise, set u(i, x) = 0 and ρ u(i,x) = 0. This assumption will introduce some loss on the optimality. Based on the aforementioned relaxations and assumptions, the problem can be rewritten as max u (i,x),t x ,i∈{1,...,N },x∈{1,. ..,x}
The optimization variables of (20) include durations of each mode and relay selection within each mode. The main difficulty of (20) comes from the nonlinear part of the problem, i.e., the relay selection within each mode. Fixing the relay selection within each mode, which determines s (x) i and ρ u(i,x) , (20) turns into a linear programming problem, which can easily be solved as
Hence, (20) can be decoupled into two subproblems. The first subproblem is relay selection within each segment. The second subproblem is the solving of time length of each segment, which is represented by (21) . For the relay selection in each segment, because the transmitter set is fixed in each mode, the interference is also fixed, and the data rate between each transmitter and MU can be calculated. The goal of relay selection is to maximize the transmission rate between transmitters and MUs by scheduling links with less mutual interference. Thus, we formulate the relay selection in each segment as a weighted bipartite matching problem, as shown in Fig. 4 . In Fig. 4 , the upper nodes represent transmitters, and the bottom nodes represent MUs. The weight of the edge between a transmitter and MU j is the data rate from the transmitter to MU j weighted by ρ j . In addition, the goal is to select an edge for each transmitter, on the condition that each MU only has one edge, to make the sum weight of all selected edges maximum. The Hungarian algorithm [22] , which has a computational complexity of O(N 3 ), is adopted to solve the weighted bipartite problem, and we come out with the following heuristic frame segmentation algorithm.
Step 1. For each of the X transmission segments, solve the weighted bipartite graph-matching problem to determine the relay selection, as well as s
Step 2. Substitute s and ρ u(i,x) (i = 1, . . . , N) obtained in step 1 into (21), and solve the linear programming problem to obtain durations of each transmission segment.
Step 3. Determine the temporal order of the X segments.
The previous two steps correspond to the two parts of the problem, respectively, solving the relay selection and time lengths of all the segments. Due to the relaxation of most conservation constraints, there may exist capacity loss, and the optimum of (21) may not be achieved by a feasible solution. An example of capacity loss is given. Consider two segments in one frame, S A and S B . In S A , the BS transmits to an RS, and in S B , the RS transmits to an MU. In other segments, except for S A and S B , the RS does not receive data from the BS. If S B is before S A , then when S B is scheduled, the RS has no data to transmit, and the capacity is wasted.
Step 3 will arrange the temporal order of X segments, making loss due to relaxations of conservation constraints as small as possible. The detail of step 3 is shown in Algorithm 2. We use waste capacity to describe the capacity loss of the situation that an RS is scheduled to transmit but does not have enough buffered data to consume the capacity. In such a situation, the waste capacity of this RS is the difference of the link capacity and the buffered data. For the xth segment, the waste capacity is the sum of every RS's waste capacity within that segment. The basic idea is to schedule the segment with the smallest waste capacity as the next transmission segment.
Algorithm 2: Detail of step 3 of the heuristic frame segmentation.
Calculate the waste capacity of the ith RS in the xth segment. 7 w
Calculate the waste capacity of the xth segment. 10
11 end 12 Schedule the segment with the smallest waste capacity as the next transmission segment.
13 
end 21 Output O;
It can easily be proven that the heuristic time segmentation algorithm is polynomial in the number of MUs and exponential in the number of RSs. Because the number of fixed RSs in a cell is limited (usually six or less), the complexity of the algorithm is acceptable.
V. PERFORMANCE EVALUATION
A single-cell downlink system is considered. The radius of the cell is assumed to be 600 m. RSs are 400 m away from the BS and have the same distance between each adjacent two. MUs are uniformly distributed in the cell. The height of the BS and RSs is 20 m, and the height of MUs is 1.5 m. The frequency is 900 MHz, and the bandwidth is 10 kHz. Transmission powers of the BS and RSs are set as 30 dBm. The noise power is taken to be −100 dBm. For path loss, the Egli propagation model [23] is adopted. Shadowing is assumed log normal and spatially uncorrelated with a standard deviation (of the normal component) of 8 dB. The fast fading is independent across stations and is modeled by a Rayleigh random variable of zero mean and unitary variance. The simulation time is set as 1000 time frames. For each scenario, we run the simulation 1000 times. Fig. 5 compares the aggregate throughput of our solution with the optimal network throughput in the case with the first form of spatial reuse. Because a brute-force algorithm with high complexity is needed for calculating the optimal network throughput, we only compare the cases that the number of MUs is less than or equal to 10 and the number of RSs is 6. To verify the performance of our proposed algorithm in the case with the first form of spatial reuse when there are more MUs, we also compare it with an upper bound. If we relax the transmit-receive constraint for MUs (6) , for the case with the first form of spatial reuse, the optimal relay selection in the N + 1-th segment can be obtained by making each RS serve the MU with the most throughput for this RS. The relaxation of (6) may cause some MU to be served by multiple RSs, which is not realistic. Thus, after relaxing (6), the optimal throughput is a performance upper bound. Fig. 6 compares the aggregate throughput of our solution with the network throughput upper bound in the case with the first form of spatial reuse. It is shown in Fig. 5 that the network throughput of our solution is mostly the same as the optimum, which means that the heuristic relay selection algorithm usually results in the optimal relay selection in the given scenario. It is also shown in Fig. 6 that the performance gap between our proposed algorithm and the upper bound is less than 10%, which illustrates that our proposed algorithm performs close to the optimum when there are more MUs.
To evaluate the performance of our algorithm, our solution is compared with the case without spatial reuse. For the case without spatial reuse, the objective is still the maximization of proportional fair network throughput, and in each frame, only one MU is served either directly by the BS or through one RS. If an RS is used, the frame is divided into the following two phases: 1) a relay phase with a time length of t 1 and 2) an access phase with a time length of t 2 . In the relay phase, the BS transmits to one RS, and in the access phase, the RS transmits to one MU. The time lengths of these two phases are optimized to maximize the throughput, and the strategy transverses across all possible transmitters and MUs to maximize throughput. It can be proven that the optimum is T max(max it can be observed that, in this given scenario, the throughput is significantly improved with our solution adopted. In Fig. 7(a) , it can be observed that, when only two RSs are deployed, although spatial reuse brings better throughput performance, the fairness among MUs deteriorates. This case is because only the MUs near the two RSs get better performance. In Fig. 7(b) and (c), it is shown that, when six RSs are deployed, our scheme can keep good fairness. Table II also shows that, as the number of RSs increases, the improvement introduced by spatial reuse also increases. This is because, as the number of RSs increases, the number of links in the network increases, resulting in more opportunities of spatial reuse. For the same reason, as the number of MUs increases, the improvement when both forms of spatial reuse are adopted also increases, as shown in Table II . However, if only the first form of spatial reuse is adopted, as the number of MUs increases, the throughput no longer improves when the number of MUs is greater than 40. This is because, when only the first form of spatial reuse is adopted, the relay links become a bottleneck, and increasing the MUs cannot help improve the throughput in the relay links. In practical networks, frames are about 5-10 ms long. For ease of implementation, the number of segments in each frame should not be very large, and the minimal time duration of one segment should not be very small. Fig. 8 shows the segments statistics when the number of RSs is 6. Fig. 8(a) shows that, in most cases (more than 95% for 20 MUs scenario and more than 97% for 50 MUs scenario), the number of segments in one frame is equal to or less than 4. Fig. 8(b) shows that, in most cases (more than 95% for the 20-MU scenario and more than 99% for the 50-MU scenario), the minimal segment length in one frame is greater than 0.1T . These statistics verify that our scheme can be applied in a practical network.
VI. CONCLUSION
In this paper, aiming at maximizing network throughput with proportional fairness, we have investigated the joint relay selection and link scheduling problem in a relay-assisted wireless cellular network. We summarize spatial reuse into two forms, where the first form occurs only on second-hop links, and the second form occurs between first-and second-hop links. A framework has been proposed to decouple the joint problem into the following two subproblems: 1) a relay selection problem and 2) a frame segmentation problem. The relay selection problem is solved in each segment. Because different segments allow different links to be scheduled, the solving of the relay selection problem is based on link scheduling knowledge. On the contrary, based on the relay selection results, the frame segmentation problem is solved to get the durations of all segments. A fast heuristic relay selection algorithm and a heuristic frame segmentation algorithm are proposed to solve the maximization of proportional fair throughput with different forms of spatial reuse. Simulation results show that, in the first form of spatial reuse, the throughput that was obtained by our proposed algorithm is very close to the optimum. It is also observed that, in the given scenario, compared with the case without spatial reuse, our proposed algorithms can improve the network throughput by about 30% to more than 50%.
APPENDIX A PROOF OF THEOREM 1
Assume that the duration of the zeroth segment is t 0 and 0 < t 0 < T . Divide the frame into two subframes. The first subframe is the zeroth segment, and the second subframe is the other segments. Denote the average proportional fair network data rate of the first subframe by R and the average proportional fair network data rate of the second subframe by R . Thus, the optimal proportional fair network throughput of this whole frame can be expressed as
Without loss of generality, assume that R > R . Replacing the strategy of the second subframe by the strategy of the first subframe, we have the proportional fair network throughput, which is expressed as
which shows that the proportional fair network throughput is greater than the optimum, which is inconsistent. Therefore, the duration of the zeroth segment is either 0 or T . It can similarly be proven that, when duration of the zeroth segment is T , the BS serves only one MU in the zeroth segment.
APPENDIX B PROOF OF THEOREM 2
When (9) achieves the optimum and the duration of the zeroth segment is 0, assume that two of the last 2 N − 1 segments have positive durations and the durations of the last 2 N − 1 segments are 0. Because the duration of the zeroth segment is 0, the number of segments is N + 2. In the former N segments, the BS transmits to each RS, and in the latter two segments, RSs transmit to MUs. Divide each of the former N segments; into two partitions. Data that were received by RSs in the first partitions of the former N segments is sent out in the N + 1-th segment, and data that were received in the second partition are sent out in the N + 2-th segment. Adjust the order of transmissions in the following sequence.
1) the first partition of the former N segments; 2) the N + 1-th segment; 3) the second partition of the former N segments; 4) the N + 2-th segment.
Note that the throughput of this frame will not change after the reorder of transmissions. Divide the whole frame into two subframes. The first subframe contains the former two parts in the aforementioned sequences, and the second subframe contains the latter two parts, as shown in Fig. 9 . Because data that were received by RSs in the first partition of the former N segments are sent out in the N + 1th segment, and data that were received in the second partition of the former N segments are sent out in the N + 2-th segment, no data are buffered in RSs between the first and the second subframes. Denote the average proportional fair network data rate and the time length of the first subframe by R and t and of the second subframe by R and t . Thus, the optimal proportional fair network throughput of the whole frame can be expressed as
which shows that the proportional fair network throughput is greater than the optimum, which is inconsistent. Therefore, there cannot exist two of the last 2 N − 1 segments with positive durations. Similarly, it can be proven that it is impossible that more than two of the last 2 N − 1 segments have positive durations. Thus, only one of the last 2 N − 1 segments has positive duration. It can similarly be proven that, in the last segment, where spatial reuse happens, each RS only serves one MU. 
